ELEMENTARY CONSTRUCTION OF SUBHARMONIC EXHAUSTION 

FUNCTIONS 



TERRENCE NAPIER* AND MOHAN RAMACHANDRAN** 

Abstract. By a theorem of Greene and Wu [GW], a noncompact connected Riemannian 
manifold admits a C°° strictly subharmonic exhaustion function. Demailly provided an 
elementary proof of this fact in [D]. A further simplification of Demailly 's proof and 
some (mostly known) applications are described. Applications include the fact that the 
holomorphic line bundle associated to a nontrivial effective divisor on a compact connected 
complex manifold X admits a C°° Hermitian metric with positive scalar curvature. 



0. Introduction 

Let (M, g) be a Riemannian manifold of dimension n. The Laplace operator A g for g is 
given in local coordinates (xi, . . . , x n ) by 



1 ^ d 



dxj 



for every function ip of class C 2 ; where 

G = det(gij) and (g lJ ) = (g^)' 1 . 

A C 2 real-valued function ip is called subharmonic {strictly subharmonic) with respect to g 
if A g ip > (respectively, A g <p > 0). 

A real- valued function p on a topological space X is called an exhaustion function if 

{ x G X | p(x) < a} CC X VaGf. 

The main purpose of this paper is to describe a simple proof of the following: 

Theorem 0.1 (Greene and Wu [GW]). A connected noncompact Riemannian manifold M 
admits a C°° strictly subharmonic exhaustion function. 
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Greene and Wu actually produced a proper embedding by harmonic functions and ob- 
tained the above as a consequence. Thus their proof is not elementary. A related construc- 
tion is that of Ohsawa [O] of a strongly n-convex exhaustion function on an n-dimensional 
complex space with no compact irreducible components. Demailly [D] provided an elemen- 
tary (and relatively simple) proof of Theorem 0.1 (his proof is written for the case of the 
Laplace operator of a Hermitian metric, but it can be modified to give the above theorem). 
His method is a version of the classical idea in Runge theory in one complex variable of 
pushing singularities to infinity using a local construction. His local construction, although 
short, requires some calculations which are not completely transparent. Since subharmonic 
functions are fundamental objects, it is natural to search for a construction which is as 
simple as possible. 

In this paper we consider another proof along these lines, in which the local construction 
is very simple and transparent. The fundamental observation is that one can produce a 
C°° bump function which is subharmonic outside an arbitrarily small set: 

Bump function lemma. Let B be a domain in M , let K be a compact subset of B, and 
let W be a nonempty open subset of B \ K . Then there exists a nonnegative C°° function 
a on M such that a = on M \ B, q > and Aa > on K, and Aa > on M \ W . 

Sketch of the proof. We may assume without loss of generality that W CC B CC M and 
we may fix a domain U and a nonnegative C°° function p on M such that 

K U W dU CC 5, p > on U, and p < on M \ B. 

Replacing p by an approximating Morse function (see, for example, [GG]), we may also 
assume that p has only isolated critical points in B. Fix a regular value e > for p with 
p > e on U and let V be the component of { x G M \ p(x) > e } containing U. Thus 
U CC V CC B. 

We will say that a mapping $ : iV — > N of a connected smooth manifold N of dimen- 
sion > 2 onto itself has compact support if $ is equal to the identity outside a compact set. 
Given two points p,q G N, there exists a C°° diffeomorphism $ : N — > N with compact 
support such that $(p) — q (for the set of points q in N to which p can be moved by such a 
diffeomorphism is open and closed). For distinct points p±, . . . ,p m , q±, . . . , q m in N, one gets 
such a $ with $(pj) = qj for j — 1, . . . , m by forming a compactly supported diffeomor- 
phism $j of N\ {pi, . . . , pj, . . . , p m , qi, . . . , qj, . . . , q m } moving pj to ^ for each j = 1, . . . , m 
and letting $ be the composition of the extensions by the identity for $i, . . . , $ m . 
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Thus we may move into W the critical points of p in V by a diffeomorphism with compact 
support in V, and hence we may assume that Vp 7^ at each point in V \ W D K. For 
R > 0, let = e R P - e Re . Then 

A(3 = Re Rp {Ap + R\Vp\ 2 ) > 

on V \ W, provided R 3> 0. Finally, fixing a C°° function x '■ ^ ^ such that x(0 — 
for t < and x'if) > an d > for t > 0, we get a nonnegative C 00 function 

f on V 

a = < 

[ on M \ y 

On y \ VF, we have a > and 

Aa = x , (/3)A/? + x"(/9)|V^| 2 >0. 
It follows that a has the required properties. □ 

For B a coordinate n-dimensional rectangle (or another nice set), one can easily construct 
such a function a explicitly (see Lemmas 1.6-1.8). Moreover, such bump functions are all 
that are needed to reduce the construction of a strictly subharmonic exhaustion function 
to point set topology (so the proof is very elementary). 

One pushes the bad set off to infinity (in the usual way) as follows. Given a point p e M, 
there is a locally finite sequence of relatively compact domains {By}^^ with 

pe B 1 and B v n B u+1 ^ for v = 1, 2, 3, . . . . 

Hence there exist nonempty disjoint open sets {Wj,}£1 such that p G N p = W CC B 1 and 
W v CC B v n -By+i for v — 1, 2, 3, . . . and, as in the lemma, C°° bump functions {a u }l < L l 
such that, for each v — 1, 2, 3, . . . , we have suppa^ C -Bj,, > and Aa u > on W„-i, 
and Aa v > on M\W V . For constants < r! C r 2 < r 3 C • • • , we get a C°° subharmonic 
function 

oo 

f3p = ^ ^ Tj/ft;/ 

i/=l 

with supp f3 p <Z Q p = U^=i ^ an ^ A> > and A/9 P > on the neighborhood i\T p of p. 
Paracompactness implies that we can form a locally finite covering {N Pj } of M by such sets 
and a corresponding locally finite collection {Q Pj }- Thus, for Rj for j — 1, 2, 3, . . . , 
we get a C 00 strictly subharmonic exhaustion function 

oo 
3=1 

In fact, the above arguments actually give the following analogue of Urysohn's lemma: 
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Theorem 0.2 (cf. Theorem 1.13). Suppose U is a domain in a connected noncompact 
Riemannian manifold M , C is a connected noncompact closed subset of M with C C U , and 
p is a positive continuous function on M . Then there exists a nonnegative C°° subharmonic 
function f on M such that <p = on M\U and ip > p and Aip > p on C . 

Remark. The existence of such a set C C U is a necessary condition (see the remarks 
following Theorem 1.13). In the terminology of [EM], U has an exit to oo (relative to M). 

A detailed proof of Theorem 0.1 (in fact, a proof of the existence of an exhausting 
subsolution for a more general elliptic operator) appears in Section 1. Some (mostly known) 
applications are described in Section 2. These include the fact that the holomorphic line 
bundle associated to a nontrivial effective divisor on a compact connected complex manifold 
X admits a C°° Hermitian metric with positive scalar curvature (Theorem 2.3). 

1. CONSTRUCTION OF EXHAUSTING SUBSOLUTIONS 

Throughout this section, M will denote a connected smooth manifold of dimension n 
and A will denote a second order locally uniformly elliptic linear differential operator with 
locally bounded coefficients. Thus, in local coordinates (xi, . . . ,x n ), 

n <9 2 n 
^ a ^ dxidxj ^ ^ dxi °' 

i,j=l 1 3 i=l 

where for each i and j, bi for each i, and c are locally bounded real- valued functions and 
(ay) is a symmetric matrix- valued function whose eigenvalues are locally bounded below 
by a positive constant. 

Theorem 0.1 is a special case of the following: 

Theorem 1.1. If M is noncompact and p is a positive continuous function on M, then 
there exists a C°° function ip on M such that if > p and Aip > p. 

The main step in the proof is the following: 

Proposition 1.2. Suppose K is a compact subset of M , U is a component of M\K which 
is not relatively compact in M, and p G U. Then there exists a C°° function a such that 

(i) a > and Aa > on M, 

(ii) suppa C U , 

(iii) a(p) > 0, and 

(iv) Aa > 1 on a neighborhood of p. 
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Remark. Since the coefficients of the operator A are only locally bounded, the condition (iv) 
is stronger than the condition Aa{p) > 1. 

The following equivalent version implies that a compact set which is topologically Runge 
is convex with respect to functions a satisfying Aa > 0: 

Proposition 1.3. Let K be a compact subset of M whose complement has no relatively 
compact components. Then, for each point p G M\K , there is a C°° nonnegative function 
a on M such that Aa > on M, a = on K , a{p) > 0, and Aa > 1 near p. 

Remark. If the coefficients are (for example) C 1 and the constant term c < (for example, 
if A — A), then a nonconstant subsolution on a domain cannot attain a positive maximum 
and, therefore, the converse will also hold. That is, if such a function a exists for some 
point p G M \ K , then the component of M \ K containing p is not relatively compact. 

Proposition 1.2 and Proposition 1.3 together with standard arguments in Runge theory 
give Theorem 1.1. Proofs are provided for the convenience of the reader. For this, we need 
two elementary observations (cf. Malgrange [M] or Narasimhan [N]). 

Lemma 1.4. Let X be a noncompact, connected, locally connected, locally compact, Haus- 
dorff topological space. Lf K is a compact subset of X and K is the union of K with all of 
the relatively compact components of X\K , then K is compact, X\K has only finitely 
many components, and each component of X \ K has noncompact closure. 

Proof. We may assume without loss of generality that K ^ 0. Since X is Hausdorff, K is 
closed and, since X is locally connected, the components of X\K are open. It follows that 
K is a closed set whose complement has no relatively compact components (since X\K 
is the union of components of X \ K with noncompact closure). 

Since X is locally compact Hausdorff, we may choose a relatively compact neighborhood 
Vt of K in X. The components of X \ K are open and disjoint, so only finitely many meet 
the compact set dVL C X\K. By replacing Q by the union of Q with all relatively compact 
components of X \ K meeting dfl, we may assume that no relatively compact component 
of X \ K meets dQ. On the other hand, every component E of X \ K must satisfy 

E~(~)K = dE ^ 0. 

For E is open and closed relative to X \ K, so dE C K, while E ^ X, so dE = E\E ^ 
(E cannot be both open and closed in the connected space X). It follows that, if E meets 
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X\n, then E meets dVt and hence E is not relatively compact in X. Thus 

I\ficEiU---UE m 

for finitely many components E 1 , . . . ,E m of X \ K, none relatively compact in X, and 
KcflCCl The claim now follows. □ 

Lemma 1.5. Let X be a second countable, noncompact, connected, locally connected, 
locally compact, Hausdorff topological space. Then there is a sequence of compact sets 
{K U }^ =1 such that X = IJ^Li Kv an d, for each v , K v C K v+ i and K v = K v , where K v is 
defined as in Lemma 1.4- 

Proof. We may inductively choose a sequence of compact sets {K' u } such that X = (J^Li K'v 
and, for each v, K' v C K' v+1 . Setting K u = K' v for each v yields the desired sequence. □ 

Proof of Theorem 1.1. By Lemma 1.5, we may choose a sequence of nonempty compact 

o 

sets {K u } such that M = IJ^Li K v an ^i f° r eac h v, K u C K u+1 and M \ K v has no 
relatively compact components. Set K = 0. 

Given p G M, there is a unique v = v{p) with p G K u+1 \ K u and we may apply 
Proposition 1.3 to get a C°° nonnegative function a p and a relatively compact neighborhood 
V p of p in M\ K v such that Aa p > on M, a p e on and a p > p and Aa p > p on F p 
(one obtains the last two conditions by multiplying by a sufficiently large positive constant). 
Thus we may choose a sequence of points {pk} in M and corresponding functions {a Pk } 
and neighborhoods {V Pk } so that {V Pk } forms a locally finite covering of M (for example, 
one may take {p^ to be an enumeration of the countable set U^L Z U where, for each v, 

o o 

Z u is a finite set of points in M\K U such that {Vp} pe z v covers K u+ i \K„). The collection 
{suppo;p fc } is then locally finite in M since suppa Pk C M \ K v whenever pt ^ K v . Hence 
the sum YlT=i a Pk * s locally finite and, therefore, convergent to a C°° function if on M 
satisfying ip > a Pk > p and Aip > Aa Pk > p on V Pk for each k. Therefore, since {V Pk } 
covers M, we get ip > p and Aip > p on M. □ 

It remains to prove Proposition 1.2. 

Lemma 1.6. Each point p G M has a relatively compact connected neighborhood V such 
that, for each point q G V, there is a C°° nonnegative function p on M such that p = on 
M \ V , p > on V , and q is the unique critical point of p in V (hence p(q) = m&xp). 

Proof. We may assume without loss of generality that M is an open subset of M n , p is in 
the cube V = (—1, 1) x • • • x (—1, 1), and V CC M. Let q = (a±, . . . , a n ) G V and, for each 
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i — 1, . . . , n, fix a C°° function Aj : R — > [0, oo) such that Aj = on R \ (—1, 1), Aj > on 
(—1, 1), and cii is the unique critical point of Aj in (—1, 1); for example, the function 

I if |*| > 1 

The function p given by 

n 

P^) = n^^Xj) Vx = (xi,..., x n ) e M 
i=i 

then has the required properties. □ 

Lemma 1.7. Lei y? : M — > (r, s) C R 6e a C 2 function, let K be a compact subset of M 
which does not contain any critical points for p, and let x : (r,s) ^1 k « C 2 function 
satisfying x" > Ix'l and x" > \x\- Then, for every e and R with 1 ^> e > and R^> 0, we 
have A[x(Rp)} > eR 2 X "{Rp) on K. 

Proof. Locally, we have 

n d 2 n d 
A a% i dx;dxi ^ ^ dxi ° 

i,j=l 1 3 i=l * 

(with i). Hence, for R > 0, we have 



dp dp 



d 2 p > l ^V 9 



E -^jt. + ^'(^) E + E 6 



dxidxj ^ 1 dxi 



+ c X (Rp). 



Since A is locally uniformly elliptic with locally bounded coefficients and dp ^ at each 
point in the compact set K, it follows that there exist constants 5 > and iV > (which 
do not depend on R) such that, at each point in K, 

A[ x (Rp)] > R 2 S X "(Rp) - R\x\Rv)\N - N\ x (Rp)\ > x"{Rp){5R 2 - RN - N). 

We have 5R 2 - RN - N > eR 2 for \5 > e > and R > 0, so the claim follows. □ 

Lemma 1.8. There exists a C°° function x '■ R — > R swc/i £/ia£ 

(i) x (t) = /or i < 0, and 

(ii) x"(t) >X'W >X(0 >0fort > 0. 
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Proof. For example, if a, b > 1, then the C°° function 

exp(at - (b/t)) if t > 
if t < 

satisfies (i) and (ii). □ 



x(t) 



Lemmas 1.6-1.8 allow one to produce bump functions which are subsolutions outside a 
small set. To push the bad set off to infinity, we require chains of such bump functions. For 
this, we recall an elementary fact from point set topology. It is convenient and instructive 
to have this fact in a form which is slightly stronger than is needed at present. 

Lemma 1.9. Let X be a connected, locally connected, locally compact, H aus dor ff topological 
space, let B be a countable collection of connected open subsets which is a basis for the 
topology in X , and let U be a connected open subset which is not relatively compact in X . 
Suppose that there exists a connected noncompact closed subset of X which is contained in 
U . Then 

(i) For any connected noncompact closed subset C of X with C C U , there exists a 
sequence of connected open subsets {U u } of X such that C C U\, U = {J™ =1 U U , 
and, for each v , U v is noncompact and U v C U v+ \; and 

(ii) For each point p G U , there is a locally finite sequence of basis elements {Bj} such 
that p G Bi and, for each j , Bj CC U and Bj n Bj + i ^ 0. 

//, in addition, X is locally path connected, then 

(iii) For each point p G U , there is a proper continuous map 7 : [0, 00) — > X with 
7(0) = p and 7QO, 00)) C U (i.e. a path in U from p to 00). 

Remark. Conversely, each of the properties (ii) and (iii) clearly implies the existence of a 
connected noncompact closed subset of X which is contained in U. 

Proof. We first observe that there is a sequence of connected open subsets {fl u } of U such 
that U = U^Li an d, for each u, Q u CC Vt u +i- For we may choose a covering of U by a 
sequence of basis elements {Gj} which are relatively compact in U. For each z/, let Y v be 
the connected component of G\ U • • • U G v containing G±. Then r = {JT U is equal to U. 
For if p G T fl U, then p G Gj for some j and Gj must meet for some \i. Therefore, for 
v > max(j, /i), Gj U is a connected subset of G\ U • • • U G v containing G\ and hence 

p G Gj C T u c r. 
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Thus T is both open and closed relative to U and is therefore equal to U . A suitable 
subsequence of {T u } (chosen inductively) will then have each term relatively compact in 
the next term, as required. We may also choose a sequence of open subsets {Q u } such that 
X = \J^ =1 Q V and, for each v, Q u CC Q u +i (the above gives a proof of this elementary 
fact which was used in the proof of Lemma 1.5). Set Qo = ©o = O-i = 0. 

Next, we observe that, for any set C as in (i), there is a countable locally finite (in X) 
covering Ac of C by basis elements which are relatively compact in U. For we may take 
•Ac = U^li -Aq^, where, for each u — 1,2,3, ... , A^) is a finite covering of the compact 
set C fl (@„ \ 0„_i) by basis elements which are relatively compact in U \ Q u -2- 

For the proof of (i), we may choose the sequence {fl u } so that QiCiC ^ 0. Let Co = C and 
= Uq = 0. Given connected open sets Uq, . . . ,U v and connected closed sets Co, . . . , C v 
such that, for fj, — 1, . . . , v, we have 

u cVi cu^cu^ = c^cu 

(which holds vacuously if v — 0), we may choose U v +i to be the union of those elements 
of the collection «4n„uc„ which meet the connected noncompact closed set fl u U C u and set 
Cu+i = U v+ \. Proceeding, we get a sequence {U u } with the required properties. 

For the proof of (ii), we may fix a connected noncompact closed subset C of X with 
p G C C U (for this, we may take {U u } as in (i) and let C = U u for some v ^> 0). For each 
point q G C, there is a finite sequence of elements Bi, . . . , of Ac which forms a chain 
from p to q; that is, p G B\, q G Bk, and Bj fl -Bj+i ^ for j — 1, . . . , k — 1 (we will call k 
the length of the chain). For the set E of points q in C for which there is a chain from p to 
q is clearly nonempty and open relative to C. On the other hand, E is also closed because, 
if q G E, then q G B for some set B G Ac and there must be some point r G B fl E. 
A chain B\, . . . , Bk from p to r yields the chain B\, . . . , Bk, B from p to q. Thus E = C. 
Observe that if q & E and B\, . . . ,Bk is a chain of minimal length from p to g, then the 
sets Bi, . . . , B k are distinct. 

Now since C is noncompact and closed, we may choose a sequence of points {q u } in C 
with q v — > oo in X (for example, q u G C \ Q v for each v) and, for each v, we may choose a 
chain -B^, . . . , B^J of minimal length from p to q u . Since the elements of Ac are relatively 
compact in U and is locally finite in X , there are only finitely many possible choices 
for Bj^ for each j (only finitely many elements of Ac will be in some chain of length j 
from p). Moreover, for each fixed j G N, we have k v > j for v ^> 0, because the set of 
points in C joined to p by a chain of length < j is relatively compact in C while q v — > oo. 
Therefore, after applying a diagonal argument and passing to the associated subsequence 
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of {q u }, we may assume that, for each j, there is an element Bj G Ac with Bp = Bj 



for all v ^> 0. Thus we get an infinite chain of distinct elements {Bj} from p to infinity 
as required in (ii) (local finiteness in X is guaranteed since Ac is locally finite and the 
elements {Bj} are distinct). 

Finally, suppose X is locally path connected. Then the sets {Bj} as in (ii) are path 
connected and, setting po = p and, choosing pj G Bj n -Bj+i for each j = 1,2,3,..., we 
may take 7|[j-ij] to be a path in Bj from Pj-\ to pj for each j. □ 

Proof of Proposition 1.2. We first observe that, if V is a set with the properties described 
in Lemma 1.6, D is a compact subset of V, and W is a nonempty open subset of V \ D, 
then there is a nonnegative C°° function (3 with compact support in V such that A(3 > on 
M\jy and (3 > and A/3 > 1 on D. For we may choose a point q G W, a C°° nonnegative 
function p on M which is positive on V and has unique critical point q in V, a C°° function 
X on K. as in Lemma 1.8, and a constant e > with p > e on D. By Lemma 1.7 (applied 
to the compact set K = {x e M \ W \ p(x) > e} C V \ W), for R > 0, the function 
/3 = x(i?(p — e)) will have the required properties. 

Next, by Lemma 1.9, given a point p G U, there is a locally finite (in X) sequence of 
relatively compact open subsets {V m } of U such that p G V\ and, for each m, has the 
properties described in Lemma 1.6 and V m fl V m+ i ^ 0. Hence we may choose a sequence 
of disjoint nonempty open sets {Wm}^^ such that p G W CC V\ and, for each m > 1, 

w m cc K,ny m+1 . 

By the first observation, there is a sequence of nonnegative C°° functions {P m }^ =1 such 
that, for each to, /3 m is compactly supported in V^, A/9 m > on M\ W m , and (3 m > and 
A/3 m > 1 on W m _i. We will choose positive constants {i? m } inductively so that, for each 



Let i?i > 1. Given Ri, . . . , -R m _i > with the above property, using the fact that Af3 m > 1 
on W m -i, we get, for R m > 0, 



to = 1, 2, 3, . . . 




On M \ (W m _i U W m ) we have A/3 m > and hence 




on W. 



m— 1 • 
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On Wq, the above middle expression, and hence the expression on the left, is greater than 1. 
Proceeding, we get the sequence {R m }. The sum J^R-mflm is locally finite in X and the 
sequence of sets {W m } is locally finite in X, so the sum converges to a function a with the 
required properties. □ 

A slight modification of the proof of Theorem 1.1 gives the following more general version: 

Theorem 1.10. Suppose K is a compact subset of M whose complement M\K has no 
relatively compact components, p is a positive continuous function on M , and W is a 
neighborhood of K in M. Then there exists a C°° function ip on M such that 

(i) ip > and Aip > on M, 

(ii) <p > p and Atp > p on M\W , 

(iii) ip = on K, 

(iv) ip > on M\K, and 

(v) For each compact set E C M \ K, we have Aip > 5 on E for some constant 
5 = 5(<p,E) > 0. 

Proof. We proceed as in the proof of Theorem 1.1 but now with K = K . By Lemma 1.5, 
we may choose nonempty compact sets {K u } such that M = U^=i K» an d such that, for 

o 

each v — 0, 1, 2, . . . , we have K v C K v+ i and M\K U has no relatively compact components. 

Given a point p G M \ K, there is a unique v = u{p) > with p G K v+1 \ K u 
and, by Proposition 1.3, there is a C°° nonnegative function a p and a relatively compact 
neighborhood V p of p in M \ K v such that Aa p > on M, a p = on K u , and a p > p and 
Aa p > p on V p . Thus we may choose a sequence of points {pk} in M\K and corresponding 
functions {a Pk } and neighborhoods {V Pk } so that {V Pk } forms a covering of M\W which is 
locally finite in M (as in the proof of Theorem 1.1, one may take {p^ to be an enumeration 

o 

of U^L Z U where, for each v, Z u is a finite set of points in M\(W U K u ) such that {V p } pe z v 

o 

covers K u+1 \ (W U K v )). The collection {suppa P( .} is then locally finite in M and the 
locally finite sum Y^k=i a Pk converges to a C°° function ip on M satisfying ip > a Pk and 
Aip > Aa Pk for each k. It follows that ip > and Aip > on M, ip = on K = K , and 
ip > p and Aip > p on M \ W. 

In order to obtain the properties (iv) and (v), we choose a sequence of points {q m } in 
M\K and corresponding functions {a qm } and neighborhoods {V^} so that {V^ m } covers 
W \ K. Applying a diagonal argument, we may choose a sequence of positive numbers 
{e m } converging to so fast that each derivative of arbitrary order for the sequence of 
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partial sums of Yl e m®q m converges uniformly on compact subsets of M. The function 
(f = ip + e m a qm will then have the required properties. □ 

The main topological fact required in the proof of Proposition 1.2 was part (ii) of 
Lemma 1.9. This fact is slightly easier to verify for U a component of the complement of 
a compact set. But the more general version (as stated in Lemma 1.9) and the proof of 
Proposition 1.2 actually yield the following: 

Proposition 1.11. Let U be a connected open subset of M which contains a connected 
noncompact closed subset of M . Then, for each point p G U, there exists a C°° function a 
such that 

(i) a > and Aa > on M, 

(ii) suppa C U , 

(iii) a{p) > 0, and 

(iv) Aa > 1 on a neighborhood of p. 

Proposition 1.12. Let K be a closed subset of M such that each component of M \ K 
contains a connected noncompact closed subset of M. Then, for each point p G M\K, there 
is a C°° nonnegative function a on M such that Aa > on M , a = on K , a(p) > 0, 
and Aa > 1 near p. 

We also get a corresponding generalization of Theorem 1.10: 

Theorem 1.13. Suppose K is a closed subset of M such that each component of M\K 
contains a connected noncompact closed subset of M and D C M \ K is a closed subset of 
M with no compact components. Then, for every positive continuous real-valued function 
p on M, there is a C°° function ip such that 

(i) tp > and Aip > on M, 

(ii) if > p and Aip > p on D, 

(iii) <f = on K, 

(iv) ip > on M\K , and 

(v) For each compact set E C M \ K , we have Aip > 5 on E for some constant 
5 = 5(<p,E) > 0. 

Before addressing the proof, we consider some remarks. 

Remarks. 1. If the coefficients of A are (for example) C 1 and the constant term is nonpos- 
itive, then the existence of a connected noncompact closed subset C of M with C C U is 
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necessary in Proposition 1.11. In fact, if U is a connected open subset of M and M admits 
a nonconstant nonnegative upper semi-continuous subsolution a which vanishes on M\ U, 
then U must contain such a set. For a(p) > at some point p e U and hence we may choose 
a number e with < e < oi{p) and a neighborhood V of the closed set { x G M \ a(x) > e } 
with V C U. The maximum principle then implies that the component W of V containing 
p is not relatively compact in M. Thus the set C = W is a closed connected noncompact 
subset of M contained in U . 

In particular, as the following example illustrates, the conclusions of Proposition 1.2 and 
Proposition 1.3 do not hold in general for K a closed noncompact set. 

Example 1.14. Let K be the closed subset of the manifold M = M. 2 \ {(0, 0)} given by 

oo 

K=(M\ (0, 2) x (0, 2)) U |J {1/m} x [0, 1]. 

m=l 

Then the complement U = M \ K is connected and U is noncompact. But U does not 
contain a connected noncompact closed subset of M and, therefore, every nonnegative 
upper semi-continuous subharmonic function (p on M which vanishes on K must vanish 
everywhere in M. 

2. As the following example shows, the conclusion of Theorem 1.13 may fail to hold if 
the set D C M \ K has compact components. 

Example 1.15. The complement £7 = M\ ifinM = IR 2 \ {(0, 1)} of the closed set 

oo 

K=(M\ (0, oo) x (0, 4)) U |J {l/(2m)} x [0, 2] 

m=l 

is a connected set with noncompact closure and U contains the closed noncompact con- 
nected set C = [l,oo) x {3}. The noncompact subset 

D = {(l/(2m+ 1),1) | m E N} 

of U is closed (in fact, discrete) in M. If f is a nonnegative upper semi-continuous subhar- 
monic function on M which vanishes on K, then, for each m, applying the maximum prin- 
ciple in [l/(2m + 2), l/(2m)] x [0,2], we get a number {r m } with l/(2m + 2) < r m < I /(2m) 
and <f(r m ,2) > <p(l/(2m + 1), 1). Since (r m ,2) — > (0, 2) e K C M and ip is upper semi- 
continuous, it follows that if must be bounded on D. 

3. If K C M is a compact set, then one can achieve the conditions in Proposition 1.3 and 
Theorem 1.10 by replacing K by the compact set K. Because we have Proposition 1.12 
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and Theorem 1.13, for a general closed set K C M it is natural to define K to be the 
union of K with all components of M\K which do not contain any connected noncompact 
closed subsets of M. 

The main step in the proof of Theorem 1.13 is the case in which D and M \ K are 
connected. 

Lemma 1.16. Suppose U is a connected open subset of M , C is a connected noncompact 
closed subset of M with C C U , and p is a positive continuous function on M . Then there 
is a C°° function <p such that 

(i) y? > and Atp > on M, 

(ii) ip > p and Aip > p on C , 

(iii) <p = on M \ U, 

(iv) ip > on U , and 

(v) For each compact set E C U , we have Atp > 5 on E for some 5 = 8(ip, E) > 0. 

Proof. We first show that there is a nonnegative C°° function ip such that Aip > on M, 
if) = on M \ U, and if) > p and Aif) > p on C. 

For this purpose, we may assume without loss of generality that C is locally connected. 
For we may choose (as in the proof of Lemma 1.9) a locally finite (in M) covering A of C by 
relatively compact connected open subsets of U . We may also choose the covering so that 
each element meets C and has locally connected closure (for example, we may choose A so 
that, for each B e A, there is a diffeomorphism of some neighborhood of B onto an open 
subset of W 1 mapping B onto a ball). The closed connected noncompact set 

c= u B= |J B C U 

is then locally connected. For if p G C and B ly . . . ,B k are the (finitely many) elements of A 
whose closures contain p, then, for each j — 1, . . . , k, we may choose a neighborhood Wj of p 
in M such that Wj H Bj is connected and Wj D B = for each set B e A \ { B u . . . , B k }. 
The set D = UjLi(Wj ^ Bj) ^ s then a connected subset of C which contains the set 
WiD- ■ -nWknC, a neighborhood of p relative to C . It follows that C is locally connected 
(since, by choosing the neighborhoods {Wj} small, one sees that the components of any 
open subset of C are open relative to C). Therefore, by replacing C with the set C, we 
may assume that C is locally connected. 

By Lemma 1.4, there is a sequence of compact sets {K u } such that M = [_)™ =1 K v and, 

o 

for each v, we have K v C K v+ i and C\K V has only finitely many components, all of which 
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have noncompact closure. For we may choose inductively a sequence of compact subsets 
{K' v } of M such that M = U^Li K'v an ^ such that, for each u, we have 

K V = K' V U {KCTC) C C K' v+1 ; 

where, for K C C compact, Kq is the union of K with all of the relatively compact 
components oiC\K. 

We now proceed as in the proofs of Theorem 1.1 and Theorem 1.10. Let K = 0. 
Given p G C, there is a unique v = v{p) with p G K u+1 \ K v . The component U p of 
U \ K u containing p must also contain the closure of some component of C \ K u+1 C 

o 

C \ K u+ \ C C \ K v . For we may take a point q in the component of C \ K v containing p 
(a set with noncompact closure) which lies outside K u+ i. The closure of the component 
of C \ K u+ i containing q is then contained in U p . We may apply Proposition 1.11 to get 
a C°° nonnegative function a p and a relatively compact neighborhood V p of p in U p such 
that Aa p > on M, suppa p C U p , and a p > p and Aa p > p on V p . Thus we may choose a 
sequence of points {pk} in C and corresponding functions {ct Pk } and neighborhoods {V Pk } 
so that {V Pk } forms a locally finite (in M) covering of C. The collection {suppctp,.} is then 
locally finite in M because suppa Pfc C U\K U whenever Pk ^ K v . Hence the sum J2T=i a Pk 
is locally finite and, therefore, convergent to a C°° function ip on M with the required 
properties. 

Now, by Lemma 1.9, there is a sequence of connected open sets {U v } such that U = 
[_)™ =1 U„, C C Ui, and, for each u, U v C U u+1 . By the above, we may form a C°° 
nonnegative function ip such that Aip > on M, ip = on M\Ui, and ip > p and Aip > p 
on C and, for each v — 1, 2, 3, . . . , we may form a C°° nonnegative function ip u such that 
Ai/v > on M, ty v = on M\U u+ i, and ip v > 1 and Aip v > 1 on U u . Choosing a sequence 
of positive numbers {e^} converging to sufficiently fast, the function ip = ip + s ^ J e u ip v will 
have the required properties. □ 

For the general case, we will apply the following: 

Lemma 1.17. Suppose X is a second countable, connected, locally connected, locally com- 
pact, Hausdorff topological space; K is a closed subset of X; and D C X \ K is a closed 
subset of X with no compact components. Then there exists a countable locally finite (in 
X) family of disjoint connected noncompact closed sets {Ca}asa and a locally finite (in X) 
family of disjoint connected open sets {£/a}asa such that 

D c C = (J C x and C x C U x C U x C X \ K V A G A. 

aga 
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Remark. We will not use the fact that the sets {U\} are disjoint. 

Proof. As in the proof of Lemma 1.9, there is a countable locally finite covering Ad of D 
by connected open relatively compact subsets of X \ K which meet D. Thus 

DcV= (J BcV = (J BcX\K 
BeA D BeA D 

(where we have used the local finiteness of the collection Ad)- Since each of the components 
of V meets, and therefore contains, a component of D, the family of components {l / 7 } 7g r 
of V is a locally finite family of connected open sets with noncompact closure. The set 

C = V=\JV, 

is a closed set contained in X \ K and the family of components {C\}\ e \ of C satisfies 

c x = |J F 7 = jj V, VAgA. 

7 er,F 7 cc A 7 er,F 7 cCA 

It follows that the family is locally finite in X (since the family {V 7 } 7e r is locally finite) 
and that C\ is closed for each A G A. Consequently, we may choose a locally finite covering 
Ac of C by connected relatively compact open subsets of X\K such that, for each element 
B G Ac, B and B meet exactly one component of C . For each AeA, taking U\ to be the 
component of the set 

U B \ U B 

BeA c ,BnC x ^<D BeA c ,Bnc x =<Ii 

containing C\, we get disjoint connected open sets {U\}\ e A with C\ C U\ C U\ C X\K for 
each A G A. This family is locally finite in X. For each point in X has a neighborhood Q 
which meets only finitely many elements Bi, . . . , B^ of Ac- Each Bj meets a unique 
component C Xj of C. If A G A with Q n U\ ^ 0, then Q n 5 7^ for some 5 G with 
B fl Ca 7^ 0. Hence we must have 5 = Bj for some j and, therefore, A = Xj. □ 

Proof of Theorem 1.13. Let 

DcC=\JC x and C A c U x C Z7 A C M \ K VA G A 

AeA 

be as in Lemma 1.17. Applying Lemma 1.16 to each pair of sets C\ C U\, we get a 
nonnegative C°° function ct\ such that Aa\ > on M, aA = 0on¥ \ U\, and a\ > p and 
Aa A > p on Ca (we do not need the conditions (iv) and (v) of Lemma 1.16 for this part). 
Since the family {U\} is locally finite in M, the sum a x determines a nonnegative C°° 
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function a with Aa > on M, a = on M \ IJaga ^ ^ an( ^ a > P an d > p on 
CdD. 

Applying Lemma 1.16 to each of the components {Vj}- eJ of M \ K, we get, for each 
j G J, a C 00 nonnegative function /3j such that A(3j > on M, /3j = on M\ Vj, (3j > on 
Vj, and, in V}, Af3j is locally bounded below by a positive constant. For J a finite set, we 
may now take ip = a + Pj- If J * s infinite, then, assuming as we may that J = N and 
choosing a sequence of positive numbers {e-,} converging to sufficiently fast, the function 
ip = a + X^j=i e jPj w iH have the required properties. □ 

We close this section with the following observation concerning Theorem 1.10 for K the 
closure of a smooth relatively compact domain. 

Corollary 1.18. Suppose Vt is a C°° relatively compact domain in M whose complement 
M \ Q has no compact components, p is a positive continuous function on M , and W is 
a neighborhood of Q. Then there is a C°° function ip on M such that ip > p on M \ W , 
Aip > p on M , is a regular value for ip, and S] = {xGM <p(x) < }. 

Proof. There exists a C°° function r on M such that is a regular value for r, r is 
locally constant on M \ V for some relatively compact neighborhood V of dfl in W, and 
Q = {x G M | t(x) <0}. For e > sufficiently small, we have 

D = { x G M | -2e < r{x) <2e}cV 

and (dr) x ^ for each point x G D. By Theorem 1.1, there is a C°° function a with 
compact support in fl such that a < on M and Aa >pon{xEM \ t(x) < — e}. By 
Theorem 1.10, there is a C°° nonnegative function f3 on M such that Af3 > on M, (3 = 
on Q, 13 > and A[3 > on M \ H, and (3 > p and Af3 > 1 + p on { x G M \ t{x) > e }. 
Finally, we may fix a C°° function x '■ — > [0, oo) as in Lemma 1.8. Let i?i,i?2,-R3 > 1 
and let 

up = a + R 2 x(Ri(r + 2e)) - R 2 x(2Rie) + .Rs/S- 
On M \ IF, we have </? > i? 3 /5 > (3 > p. On Q, we have 

V? < + R 2 x{Ri(Q + 2e)) - i? 2 x(2i?ie) + i? 3 • = 0. 
On M \ f2, we have 

V? > + R 2X {Ri(Q + 2e)) - R 2 x(2Rie) + ^3/3 > i? 3 /9 > 0. 
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Thus f2 = { x G M | (p(x) < }. For any point xEd£l = {x«EM \ (p(x) = }, we have 
a = near x and (3 has a local minimum at x. Thus 

d<p = da + R 1 R 2 )d(2R 1 €)dT + R 3 d(3 = + R^x' '(2R 1 e)dr + 0^0. 

By Lemma 1.7, for R± > 0, we get A [x(R\{t + 2e))] > on VlUD = {x G M \ t{x) < 2e } 
and A\x(Ri{t + 2e))] is bounded below by a positive constant in a neighborhood of each 
point in { x G M | -2e < t(x) < 2e } C D. On {x e M \ t(x) < -e } we have 

Alp > Aa + + = Aa > p. 

For R 2 3> 0, on { x G M | — e < r(x) < e } we have 

Ay? > Aa + i?2i4[x(i2i(r + 2e))] > p. 

Finally, since r is locally constant on M \ V, for R 3 3> 0, on { x G M | r(x) > e } C M \ O 
we have 

Ay? = + R 2 A[ X (R 1 (t + 2e))] + i? 3 ^ > i? 2 A[x(^i(r + 2e))] + i2 3 (l + p) > p. 

□ 

2. TWO APPLICATIONS 

To illustrate the broad utility of the existence of exhausting strict subsolutions, we 
consider two (mostly known) consequences. 

We first recall that any C k function tp on a smooth manifold can be approximated in 
the C k Whitney topology by a C°° Morse function ip [GG]. Applying this to a function p> 
from Theorem 1.1, we get 

Corollary 2.1. If M and A are as in Section 1 with M noncompact and p is a positive 
continuous function on M , then there exists a C°° Morse function ip satisfying ip > p and 
A4) > P- 

Taking A to be A g for a Riemannian metric g and p to be a continuous exhaustion 
function, we get a C°° exhaustion function ip whose Hessian is of index at most n — 1 at 
each point. Thus we get the following well-known fact: 

Theorem 2.2. A connected noncompact C°° manifold of dimension n has the homotopy 
type of a CW complex with cells of dimension < n — 1. 

The next observation is that the existence of exhausting strict subsolutions allows one 
to construct a Hermitian metric of positive scalar curvature (positive curvature in the case 
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of a Riemann surface) in a holomorphic line bundle with a nontrivial holomorphic section. 
In the compact case, such Hermitian holomorphic line bundles are, of course, a natural 
substitute for strictly subharmonic functions. 

For the rest of this section, X will denote a connected complex manifold of (complex) di- 
mension n and g will denote a C°° Hermitian metric in X. The Levi form of a C 2 function cp 
on X is the Hermitian tensor given by, in local holomorphic coordinates (z±, . . . , z n ), 



The Laplace operator A g for the Hermitian metric g is given by the trace of the Levi form: 



the associated Riemannian metric if g is Kahler. A C 2 real-valued function <p is called 
subharmonic (strictly subharmonic) with respect to g if A g ip > (respectively, A g ip > 0). 

If L is a holomorphic line bundle on X and h is a C 2 Hermitian metric in L, then the 
curvature of h is the Hermitian tensor 0^ given by 



for any nonvanishing local holomorphic section s of L. The scalar curvature IZh of h with 
respect to g is given by the trace of the curvature; that is, locally, 



In particular, if X is a Riemann surface, then IZh = Qhl 9- 

Theorem 2.3. Let L be a holomorphic line bundle on X. If X is noncompact or L = [D] 
is the holomorphic line bundle associated to a nontrivial effective divisor D in X (i.e. L is 
a holomorphic line bundle which admits a nontrivial global holomorphic section), then L 
admits a C°° Hermitian metric h with positive scalar curvature. 

Proof. Fix a C°° Hermitian metric k in L. We will modify k to obtain h. 

Assuming first that X is noncompact, Theorem 1.1 provides a C°° strictly subharmonic 
(with respect to g) exhaustion function ip. If % is a C°° function on R with x' > and 
x" > and 





where (g*- 7 ) = (gq) . This elliptic operator is equal to 1/2 the Laplace operator of 



e h = C{-\og\s\ 2 h ) 



n h = A g {-\og\s\l). 



h = e - xiv) k, 
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then 



n h = A g ( x (<p)) + n k = x!((p)A g <p + x!'(<p)\d(p\ 2 g + n k > x '(v)A gV + n k . 



Choosing \ so that ~* 00 sufficiently fast as t — > 00, we get 7?^ > 0. 

Assuming now that X is compact and L = [D], where D is a nontrivial effective divisor, 
let Y — \D\ C X be the support of D and let s be a global holomorphic section of L 
with associated divisor D. Applying Theorem 1.1 to a noncompact neighborhood of Y 
in X and cutting off, we get a C°° function a on X which is strictly subharmonic on a 
neighborhood U of Y. After shrinking U slightly and replacing a by a large multiple, we 
may assume that 



(setting a — log \ s\\ = 00 along Y). We may choose a C°° function A on R such that A' > 0, 
A" > 0, A(f) = * if * > 3N, and \(t) = 2N if t < N. We set A(oo) = 00. The restriction of 
the function 



to X \ Y is C°° and subharmonic because p = 2N on a neighborhood of X \ U (and hence 
A g p = 0), while on U \ Y we have 



A gP = A^a-log| S |2).(A 9 a+^)+A // (a-log| S |2).| < 9(a-log| S |2)|J>2A / («-log| S |2) > 0. 



Observe also that p = a — log|s|| on the relatively compact neighborhood V of Y in U 
given by 



Applying Theorem 1.1 to the connected noncompact manifold X \ Y and cutting off near 
Y, we get a C°° function (3 with compact support in X \ Y satisfying A g f3 > on X \ V. 
Choosing e > so small that eA g /3 > —1 on X, we see that the restriction of the function 
7 = p + ej3 to X \ Y is C°° and strictly subharmonic. In fact, on V \ Y, we have 



A g a + TZ k >2 onU. 
Since — log \s\1 — > 00 at Y, we have, for N ^> 0, 

Y C {x G X I a(x) - log \s(x)\l >N}cU 



P = A (a - log \s\l) 



V = {x E X I a(x) - log \s(x)\l > 3N }. 



A 9 7 = A(a - log |s|^ + e/3) > 2 - 1 = 1. 
We may now define |^|| for (, <E L x with a; 6 1 by 

f e' 7(a;) |e/s(a;)| 2 ifxGX\F 
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Then h is a well-defined C°° Hermitian metric in L since, for x G V \ Y and £ G L x , we 
have 

e"^ (a;) |e/s(a:)| 2 = e " (-(-)~iog = e-^>- e/3 ^> l^ll- 
Furthermore, on X \ Y we have 

> on X \ Y 

> 1 on V \ Y 

By continuity, we also have TZh > 1 > at points in Y. Thus TZh > on X. □ 

For X a Riemann surface, the above proofs become especially simple. For example, 
the construction of a in the proof of Theorem 2.3 is trivial for dimX = 1 because Y 
is discrete. For X an open Riemann surface, one gets a C°° strictly plurisubharmonic 
exhaustion function and, therefore, by [G] and [DG], one gets the theorem of [BS] that an 
open Riemann surface is Stein. For a general Riemann surface, Theorem 2.3 yields the 
following familiar fact: 

Corollary 2.4. The holomorphic line bundle associated to a nontrivial effective divisor in 
a Riemann surface X admits a C°° Hermitian metric with positive curvature. 
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